The concern of this paper is to introduce a Kantorovich modification of (p, q)-Baskakov operators and investigate their approximation behaviors. We first define a new (p, q)-integral and construct the operators. The rate of convergence in terms of modulus of continuities, quantitative and qualitative results in weighted spaces, and finally pointwise convergence of the operators for the functions belonging to the Lipschitz class are discussed.
Introduction
The (p, q)-calculus is a generalization of the well-known q-calculus and it is constructed by the following notations and definitions. Let  < q < p ≤ . For each nonnegative integer n, the (p, q)-number is denoted by [n] p,q and is given by The formula of the (p, q)-integration by parts is given by
Here we note that all the notations mentioned above reduce to the q-analogs when p = . 
where x ∈ [, ∞),  < q < p ≤ , and
, and they calculated that
Another problem in the approximation by linear positive operators is to present an approximation process for Riemann integrable functions. The main tool to solve this problem is to consider the Kantorovich modifications of the corresponding operators, which mainly depends on the replacing the sample values f (k/n) by the mean values of f in the intervals [ The aim of this paper is to introduce (p, q)-Baskakov-Kantorovich operators and investigate their approximation properties. In the next section, we construct the operators, calculate the moments, central moments of the operators, and give some lemmas which will be necessary to prove our main results. In Section , we prove a local approximation theorem for the new operators in terms of Peetre's K-functional and its equivalent modulus of continuities. In Section , we investigate the uniform convergence of the operators and present the rate of convergence via the weighted modulus of continuities. In the last section, we give some pointwise estimates for the functions belonging to Lipschitz space.
Construction of operators
To present a method to solve the problem mentioned in the Introduction now we propose a new definition of the (p, q)-integral. Let a, b ∈ R, a < b, and h(x) := f (a + x) be an arbitrary function and
which allows us to write
. . . ,
Adding these formulas term by term, we have
and taking the limit as n → ∞ with the fact | p q | <  we have
Similarly we have, for
and if we take x = b -a then we get
Considering the new (p, q)-integral given in (.) we can define the Kantorovich modifications of the operators (.) as follows.
Proof The proof easily follows from (.).
where e i (x) = x i , i = , , .
Proof By the definition of the operators (.) and equality (.) we obtain B * n,p,q (e  ; x) = B n,p,q (; x) = . In a similar way, using (.) we can write
Using the equalities B n,p,q (e  ; x) = , B n,p,q (e  ; x) = x we immediately have
Finally, using (.) we have
B n,p,q (e  ; x).
And the equalities (.) give us
, which completes the proof.
Remark  Using Lemma , we get
where
Further, choosing
we can write
Remark  For q ∈ (, ) and p ∈ (q, ] we easily see that lim n→∞ [n] p,q = /(p -q). Hence, the operators (.) are not approximation processes with the above form. In order to study the convergence properties of the sequence of (p, q)-Baskakov-Durrmeyer operators, we assume that q = (q n ) and p = (p n ) such that  < q n < p n ≤  and q n → ,
Here we note that with these assumptions
Let C B [, ∞) denote the space of all real valued continuous and bounded functions on [, ∞). In this space we consider the norm
Proof By the definition ofB * n,p,q and Lemma , it is obvious that
, using the Taylor expansion for x ∈ [, ∞) we have
Applying the operatorsB * n,p,q to both sides of the above equality and considering the fact (.) we obtaiñ
Using the inequalities (.) and (.) in (.) we immediately have
Local approximation
Let us consider the following K functional:
where δ >  and
exists an absolute constant C >  such that
is the second order modulus of smoothness of f ∈ C B [, ∞). The usual modulus of conti- 
Taking into account (.), (.), and (.) we have
Using this inequality and Lemma  we get
and taking the infimum on the right-hand side over all g ∈ C  B [, ∞) and using (.), we deduce
where L = M > . 
holds, where M f is positive constant independent of n and α * (n) is as indicated in (.).
Using the Cauchy-Schwarz inequality we have
On the other hand, by (.) we get
Using the triangle inequality
we immediately have by (.)
Using the Hölder inequality with p = /α, q = /( -α), we obtain
Next we obtain the local direct estimate for the operators B * n,p,q , using the Lipschitz type maximal function of order α introduced by Lenze Remark  The further properties of the operators such as convergence properties via summability methods (see, for example, [, ]) can be studied.
Conclusion 
To introduce Kantorovich modifications of the approximation operators in (p, q)-calculus, the existing (p, q)-integral did not meet the purposes since the positivity of the operators was not guaranteed. In this paper, we solved this problem and presented a
